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On the Area of Surfaces. 
By Prof. W. H. Young, Sc.D., F.R.S. 

(Eeceived March 18, 1919.) 

The necessary and sufficient condition that a curve should possess a length, 
this length being given by the usual integral formula, is well known. The 
curve being defined by the equations 

x = x{u\ y =y(%), 

the condition is that x (u) and y (it) should be expressible as integrals* with 
respect to u. 

It may seem scarcely credible that no corresponding theorem is known 
with regard to the area of a surface. Such is, however, the case. And 
what is more surprising, no one has hitherto succeeded in giving such a 
definition of the area of a curved surface as permits of a determination of a 
sufficient condition of a general nature that the surface should possess an 
area, this area being given by the integral formula known to hold in the 
simplest cases. 

The step from one dimension to two has, in this instance, as in many other 
parts of analysis, been found difficult to take. The reason seems to be in 
part, here also, that several generalisations, at first sight equally eligible, 
of the definition involved, and of the theorem to be proved, appear to be 
possible, while it has been difficult to perceive in what way the analytical 
reasoning employed in the one- dimensional case is capable of extension to 
higher space. 

As the length of a curve is defined as the limit of the perimeters of 
inscribed polygons, it was for a long time supposed sufficient to define the 
area of a curved surface as the limit, assumed to be necessarily unique, of 
the areas of inscribed polyhedra, the faces being usually taken to be triangular. 
That this definition is fallacious is, however, easily seen, as was pointed out 
almost simultaneously! by Peano and Schwarz, even when the surface is so 
simple a one as a bounded portion of a cylinder of revolution. The defini- 
tion only leads to a finite limit when a suitable limitation is imposed on the 
magnitude of the angles of the faces. Almost the only case, moreover, in 

* Absolutely convergent (or Lebesgue) integrals.— L. Tonelli, 1912, " Sulla lunghezza 
di una curva," 'Atti di Torino,' vol. 47, 1908; " Sulla Eettificazi6ne delle Curve," ibid., 
vol. 43. 

t About 1880. See Lebesgue's Dissertation, "Integrate, Longueur, Aire," 1902, 
i Annali di Mat./ ser. 3, vol. 7, p. 298. 
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which the definition based on triangulation works (even when such a limita- 
tion is imposed), is that in which the equations defining the surface are 
analytic, or, at any rate, the tangent plane to the surface exists everywhere, 
varying continuously from point to point. 

Even Lebesgue, who defines the area as the lower limit of the areas of 
polyhedra which themselves tend uniformly* to the surface as limit, has 
found it only possible to obtain the integral formula in this latter very 
special case. Thus, when the partial differential coefficients of x 9 y, and z are 
not continuous, but are bounded,f he does not succeed in proving more 
than that the surface has an area according to his definition, and that this 
area is not greater than the double integral % with which the working mathe- 
matician expects to operate. 

For the rest, Lebesgue's definition itself is not quite so simple even as 
might be supposed. On the one hand it is only applicable to surfaces which 
are the uniform limits of polyhedra ; and on the other the assumption that 
the area is to be the least of certain limits, apart from its arbitrariness, raises 
a doubt as to whether the sum of the areas, so defined, of two portions into 
which we divide our surface is the same as the area of the whole. In fact, 
the lower limit of the sum is not in general the sum of the lower limits, and 
Lebesgue is consequently under the necessity of justifying his definition, 
which involves him in a somewhat lengthy and delicate discussion. 

Among the earlier definitions of area quoted by Lebesgue, those due to 
Peano and Minkowski are worthy of mention ; the first because it betrays 
real appreciation of the nature of the problem to be solved, and a fine sense 
of its difficulties, the second because of the paradoxical and even absurd 
results to which it may be said to lead. 

Peano§ remarks that, given a skew curve C, we can, at least in simple 
cases, find a plane curve c 9 whose projection on each co-ordinate plane has 
the same area as that of the skew curve. If then the given surface be 
supposed capable of division into portions by means of such closed contours 
C, the area of the surface may be defined in terms of the sum of the areas of 

* Precisely, co v (u, v\ y p (%, v\ z p (u, v) being the co-ordinates of a point on the pth 
polyhedron, oc (u, v% y {u y v), z (u, v) y those of one on the surface, Lebesgue demands that 
sc m y p and z p should tend uniformly to #, y and z respectively, loc. cit. y p. 301. 

t Lebesgue proves, loc. ciL, §70, pp. 85 and 86, that this is the necessary and sufficient 
condition that every curve on the surface corresponding to a rectifiable curve in the 
(u, v) plane should be rectifiable. As he remarks, such a surface may cease to possess 
this property when the variables u y v are transformed. The property is not a property 
of the surface per se y but in part also of one of its parametric representations. 

J " Toute definition geometrique qui ne conduirait pas a ce nombre eonsacre" par 
Tusage serait en effet rejet6e," Lebesgue, loc. cit. y p. 300. 

§ 'Atti della Reale Accademia dei Lincei, Rendiconti, 5 1890. 
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the corresponding c's, and in Peano's statement is the upper limit of this sum. 
Apart, however, from certain scruples felt by Lebesgue in accepting this 
suggestion as a satisfactory basis, it is not known under what conditions the 
definition is applicable, nor, I believe, has it been shown that, even when 
valid, it leads to the desired formula. 

Minkowski's* definition is given by Lebesgue in a footnote without 
criticism. It proceeds from the point of view that the notion of volume is 
essentially simpler than that of surface. This is, at least, open to discussion, 
even if we confine our attention to areas and volumes made up of positive 
parts. Minkowski then describes round every point of the surface as centre 
a sphere of radius r, in this way tracing out a portion of space, which may 
be regarded as possessing a volume V(r), and he defines the area of the 
surface as the limit, when it exists, of Y(r)/7rr 2 . In the same way he defines 
the length of a plane curve, by means of an area V(r) similarly formed, as the 
limit of V(r)/2r. I have, however, shown that even a countably infinite set 
of points can be constructed to have a positive length, and even to have an 
infinite length, with Minkowski's definition. The peculiarities which may 
present themselves in higher space, and when the set of points is more than 
countably infinite, are evidently no less paradoxical. 

§ 2. I propose in the present communication to give a brief account of a 
theory of the area of surfaces, which I have formulated, and which appears to 
me to answer to all the requisites. I begin by explaining the sequence of 
ideas which I at first followed. 

If we actually form the summation of the areas of the triangular faces of a 
polyhedron inscribed in the surface 

x = x (u t v), y = y (k, v), z = z (% v) 

—this surface being supposed to be in (1, 1) correspondence with the plane 

of (v,i v) — namely, 

2 {A m 2 + B r , s 2 + C r , s 2 }*, 

x^i + hryV+kr), y(%~\-h r ,v + Jc r ) y 1 

x(u + h 8 ,v + h 8 ) 9 y(u+h 8 ,v + k 8 ), 1 

we are naturally led to examine, with the object of clearing up our ideas, the 
simpler summations, such as 

& J ^r? s | j 

obtained by omitting the variable z. This corresponds to the problem of 
determining the sum, without regard to sign, of the areas of the three-point 

* ' Jahresbericht der deutschen Mathematiker Vereinigung,' 1901. 
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images in the (x, 3/)-plane of three-points in the (% v)-plane. It at once 
becomes evident than even in the simplest case, in which the partial 
differential coefficients of x and y with respect to u and v exist everywhere and 
are continuous, a restriction on the magnitude of the angles in the triangula- 
tion, either in the (u, v) or in the (x, y)-plane, is necessary. Otherwise we 
might, for example, have a triangle of definite area in the (x f y)-plane corre- 
sponding to three points in a straight line in the (u t v)-plane. 

Suppose the partial differential coefficients are all less than a fixed finite 
quantity. Then it is easily seen that C r ,„ the expression already written 
down for the area of the triangle in the (x, ^)-plane, is less than a bounded 
multiple of 

{h r \ + \h\} {\h\ + \fa\}, 

and therefore of 

vW + kW(*« 2 + &,*). 

On the other hand, the area of the corresponding triangle in the {% ^-plane 

may be written 

I %/(h 2 + h 2 ) \/(h 2 + h 2 ) sin 7. 

If, then, 7, which is an angle of the triangle in the (u 9 ^)-plane, lie 
between fixed limits e, tt— e, the ratio of the areas of the two triangles will 
be a bounded one. It is then easy to deduce that with this understanding, 
namely, that one at least of the three angles of each of the triangles in the 
(^-^-plane should satisfy this limitation, the triangulation method leads, 
when the partial differential coefficients exist and are continuous, to a satis- 
factory result. In particular, the limitation is satisfied, when one of the 
angles is a right angle. 

§ 3. Further progress appearing to be attended with serious difficulties, I 
attempted to still further simplify the problem by confining my attention to 
directed areas, in the case of correspondence between two planes, not, of 
course, necessarily (1, 1). The problem became, then, that of determining a 
directed area in the (x 9 £/)-plane corresponding to a rectangle in the (u, v)- 
plane, and, more precisely, that of calculating the magnitude obtained by 
adding together triangles in the (x 9 #)-plane taken with their proper sign, and 
taking the limit of their sum. Depending, as this limit necessarily does, 
only on the form of the image in the (x, ^/)-plane of the perimeter of the 
fundamental (u, ^-rectangle, the idea is suggested that we may define the 
area in terms of this curve rather than in terms of portions of the plane 
bounded by it. 

For details I must refer my readers to a communication made elsewhere. 
The main result I obtained in this direction was as follows ; — 
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I define the area of a closed curve given by the equations 

x = x(u), y = y(u) 9 

as the limit of the area of an inscribed polygon, whenever this limit is 
unique and finite for every mode of inscription, the sides being all less than 
a norm /3, which tends to zero as limit. The area of this polygon is itself 
defined as the sum of the moments,, taken each with their proper sign, about 
any point in the plane, of forces represented in magnitude, line of action, and 
sense, by the sides of the polygonal figure taken in order. In other words, 
the area of the curve is defined as the limit of the moment of the couple 
equivalent to the forces in question. 

With this definition we may assert, for example, that every closed plane 
curve which is rectijiable, or, more generally, is such that one of the con- 
tinuous functions x (u) and y (u) has bounded variation, has an area given by 
the formula 

A ' = \ | {x (u) cly (u) — y (u) dx (u)}. 

So far all is easy. The difficulty is to transform into a double integral the 
formula just written down, under certain conditions to be investigated. The 
result here obtained is the following : — 

If x = x (u, v), y = y (u, v), 

have partial derivatives dx/du, dyjdu, dx/dv, dy/dv (not necessarily differential 
coefficients) which are bounded, or more generally are such that 

dx dy 
du' dio 

are, except for a set of values of u of content zero, each numerically less than, or 
equal to, a summable function of u, and 

dx dy 
dv' ■ dv 

are, except for a set of values of v of content zero, each numerically less than, or 
equal to, a summable function of v, then the area of the curve in the (x, y)-plane 
which corresponds to a rectangle in the (u, v)- plane, with sides parallel to the axes 
of u and v, is given by the usual formula, 

A = r,} '^{ du dv, 
}}d(u,v) 

the double integral being taken over the rectangle in question. 

§ 4. It should be noticed that the raison d'Stre of the concept of area, thus 
defined, and the formula embodying it, lie in the very nature of things. 
They are nothing more than the generalisation for the functional relationship 
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between two planes, of the well-known, and in its familiarity almost trivial, 
concept of directed length, and of the simple formula 

I (JjtJU -, 

JO ~ I ~~z LvUj* 

jau 

which, in the functional relationship between two lines, expresses it. And 
as no necessary and sufficient condition in terms of the integrant is known 
for 8 the truth of the latter formula, it is not surprising that the condition we 
have obtained in two dimensions is a sufficient and not a necessary one. 

None the less, it is only in the case of a simple Jordan curve, that is, a 
curve denned by a (1, 1) continuous correspondence with the circumference 
of a circle, and possessing accordingly the property of dividing the plane into 
two distinct portions, that a general sense has been hitherto given to the 
term " area of a closed curve" and, under suitable conditions, a formula 
obtained for it. 

§ 5. The question at once suggests itself, whether this new concept and 
the formula cannot be utilised in the theory of surfaces. For this purpose 
we have to generalise in a suitable manner the idea of chord, or, more 
precisely, the number expressing the invariant property belonging to two 
points. The chords are directed lengths, but it is the sum of their moduli 
that we add. What we now want, then, is a plane vector, and we shall 
require to sum the moduli of a number of such vectors, just as, in defining 
the length of a curve, we add the numerical values of the distances between 
successive points. From this point of view, we have to find a plane vector 
whose projections on the co-ordinate planes are directed areas in those 
planes. 

If we start with a surface defined by the equations 

x = x (u,v) } y = y(u,v), z = z-(u,v), 

we shall naturally divide the fundamental (u, v)- rectangle into sub-rectangles 
(u y v;u + h,v + k), and we shall in this way obtain small directed areas in the 
(y, z), (z, x), and (x, ^)-planes, which are nothing less than the projections on 
these planes of the portions of the surface corresponding to the little 
(u, ^)-sub-rectangles. The contour of such a portion of the surface projects 
precisely into the curves of which these are the directed areas. We are 
thus led to see that the generalisation of the length of the chord for a 
curve is, for a surface, the magnitude of the couple, defined as follows : — 

Inscribe in the skew curve, which forms the contour of each little portion 
of the surface, a polygonal figure, whose sides are all less than a certain norm. 
If we suppose acting along the sides of this figure forces represented by the 
sides in magnitude, line of action and sense, these will be equivalent to a 
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couple. The magnitude of this couple being supposed to have a unique 
limit as the norm tends to zero, this limit is defined to be the area of the shew 
curve. This area is, then, the generalisation for surfaces of the concept length 
of chord in the case of a curve. 

It will be remarked that, when, as we may for simplicity suppose, 
there is a (1, 1 ^correspondence between the surface and the (u, ^-plane, 
these little contours on the surface necessarily divide it up into curvi- 
linear quadrilaterals without ambiguity. Now if we suppose the little 
rectangles in the (u, ^)-plane to be all of span less than a norm /3 W , where 
/?i> ^2,... are successive positive quantities with zero as unique limit, and 
if we form the sum B w of the magnitudes of the areas of the contours 
corresponding to the perimeters of these little rectangles, and if, as % 
increases indefinitely, this sum B w has a unique limit, independent of the 
particular mode adopted in dividing the fundamental (u, / y)-rec tangle by 
lines parallel to the axes of u and v, as well as of the mode in which the 
norm /3 n diminishes, this unique limit is called the area of the portion of 
surface in (1, l)-correspondence with the fundamental (u, ^-rectangle. 

§ 6. We now pass to the proof of the fundamental theorem, in the theory 
of the area of surfaces as above defined, which may be stated as follows : — 

If x (u, v), y (u, v), and % (u, v) possess (first) partial derivates with respect to 
u, which are, except for a set of values of u of zero content, each less than, or 
equal to, an absolutely integrable (summable) function of u, and if similar state- 
ments hold for their partial derivates with respect to v, and if further, x, y, and' 
z are expressible as integrals with respect to u, and as integrals with respect to v,. 
then the surface necessarily possesses an area A. Moreover, further, 



A 



r//9(^)\v^T4^m^. 



,d {u, v)j \3 (u, v)j \d (u, v)', 



Thus, in particular, the surface has an area, and this area is given by the 
preceding formula if cx/du, dyjdu, dz/du, dx/dv, dy/dv, and dz/dv — these 
symbols standing for partial derivates, and not merely differential coefficients — 
are bounded functions of (u, v). 

§ 7. Let us employ the well-known formulae for the resultant couple of a 
system of forces, typically represented by (X, Y, Z), acting at the point 
(x, y, z), and bear in mind that there is no resultant force, owing to the fact 
that each contour is a closed curve, and that, accordingly, the couple whose 
components are 

%(yZ~zY), X(zX-xZ), X(xY—yX), 

is independent of the choice of origin, as well as of axes. We then see, not 
only that the area of the typical contour has for magnitude the sum of the 
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squares of the areas of the projections of the contour on the three co- 
ordinate planes, but also that this magnitude is, in virtue of the theorem 
quoted in § 3, 
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and is therefore, in virtue of a theorem in inequalities of which the proof is 
indicated below, 
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where (u, v\ u + h,v + k) is the little rectangle of which the little contour is 
the image. 

Hence the sum of the areas of all our contours, and therefore also all the 
limits of this sum, are 



■rjy 



3 (y, z) ~f f3 (z, x) 



d(u, v)J ' \jd(u,vj Ld(u,v) 



+ 



' d{x ^ 2 \dudv. 






Moreover, this is true whatever the process adopted for subdividing the 
fundamental (u, ^)-rectangle by lines parallel to the axes of u and v. 

§ 8. That in any one mode of proceeding by subdivision, i.e., when all the 
dividing lines at one stage are retained at all subsequent stages, we get a 
unique limit is evident from the fact that the summation at each stage 
cannot be less than that at the preceding stage. In fact, in a further sub- 
division of any one sub-rectangle, we get contours on the surface whose 
resultant area is the area of the contour corresponding to the undivided sub- 
rectangle, and the sum of the areas of these contours must by repeated 
application of the triangle of couples be at least as great as their resultant 
area. We have still to prove, not merely that in two different modes of 
subdivision the two limits obtained are equal, but also that whatever process 
we adopt, by which the norm tends to zero, we obtain a unique and 
invariable limit. 

| 9. Let us denote by B any (variable) division, such as we have utilised, 
of the fundamental (u, ^-rectangle into sub-rectangles, and let the greatest 
of the sides of these sub-rectangles be less than a certain norm /3. We shall 
use B also numerically to denote the (variable) sum of the areas of the 
contours on our surface corresponding to these sub-rectangles. 

Let U denote the upper bound of B for all modes of division ; this is 
certainly a finite number, since it cannot exceed our double integral. 
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We may, therefore, let C denote a fixed division, such that the number C 
differs from U by less than e 9 where e is a small positive quantity, chosen 
at will. 

Then the sum of those sub-rectangles of B, which we may call Ei, each 
of which lies in more than one sub-rectangle of C, is less than /3 times 
the sum of the lengths of all the dividing lines of C in the fundamental 
rectangle. Thus by choosing the norm j3 relatively small enough, the sum 
Ei is as small as we please. 

These sub-rectangles, Ei, are themselves subdivided by the lines of the 
fixed division C ; and the corresponding contours will therefore have for the 
sum of their areas a quantity as small as we please, since, as we saw, this 
is not greater than our double integral over these sub- sub-rectangles, that is, 
over Ei. 

If we add to these sub-sub-rectangles the remaining sub-rectangles E 2 , 
which with Ei constitute the division B, we get a new division G of the 
fundamental rectangle, where accordingly, when /3 is small enough, 

Gr :£ B 4- e, 

since B 2 ^ B. 

But since Gr is got by subdividing the fixed division C, 

C — Gr, 

by what was already proved. Thus 

C =s B 4- e, 
and therefore U— e^B-t-e^TJ + e. 

Since this is true for all variable divisions B, whose norm ft is sufficiently 
small (the • smallness being determined by e, and the fixed division 0), we 
have, if L be any limit approached by the numbers B, as /3 -* 0, 

Since e is as small as we please 

L = U. 

Thus the numbers B have a unique finite limit, however the process of 
division be performed, when the norm j3 tends to zero in any manner, and 
this limit is the upper bound U of all possible numbers B. 

This proves the theorem enunciated in § 6. 

§ 10. From the uniqueness of the limit two essential links in the chain of 
reasoning follow, namely, that this unique limit may be regarded as a function 
of (u, v), corresponding to the rectangle whose upper right-hand corner is the 
point (u, v), and that this function is monotone ascending with respect to u } 
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and monotone ascending with respect to v. Its continuity with respect to u> 
and with respect to v, then follows once again by the use of the fact that, in 
changing, for example, from u to u-t-h, we have merely to add on 
the value of the limit for the whole vertical strip between the values u and 
tt + h, and therefore, by the inequality obtained in §7, and the property of an 
integral, tends to zero as h-»o. Hence, or similarly, it follows that this 
function is a continuous function of (u, v), and monotonely monotone. 

It now follows that the double increment of this function, which we may 
call Qfev), being equal to the value of the limit corresponding to the 
rectangle (u 9 v 9 u + h, v-\-k), is not less than the area of the corresponding 
contour, that is, it is 

^(H^ + W + Ha 2 ), 



where 
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*U + k fV + kT) (ni jy\ 



u 



V 



3 {U 9 V) 



and H 2 and H3 as got from this by cyclical change of x 9 y 9 and z. 

Hence any repeated derivate of Q is not less than the corresponding 
repeated limit of 

that is, of 2= ^/(Hi/M) 2 + (R 2 /hk) 2 + (H3/M) 2 . 

But Hi/hkj being the double incrementary ratio of a certain double integral, 
has the integrant d(y 9 z)jd(u 9 v) for repeated limit, except for a set of values 
(u, v) of content zero. Hence, except at such a set of content zero, 



dudv 



v 



" 9 fe g) " 
.3 fe v). 



+ 



"3 (z 9 x) 
_3 (u 9 v) 



12 






" 9 fey) " 



But Q(w,-v)'is monotonely monotone ascending with respect to few), and is 
therefore not less than the double integral of its repeated derivates, which 
necessarily coincide and are finite, except at a set of content zero. Hence 
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But, by § 7, Q is not greater than the double integral. Therefore 
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+ 



3 fe v)j L3 (to, v)_ 



" d{x '^\duclv, 






which proves the theorem of § 6, by putting u = c 9 v = d. 

[1ST. B.— The analogy with one dimension is complete. The summations in 
each division being there also increased when we put in additional chords.] 
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§11. We now prove the theorem on inequalities utilised above. 
Theorem. 



f(x)dx V + < \ g(x)dx V + s \ h(x)dx > 



T(LA*)P + l>(aO? + [M*OP}' 

J a 



5 



(XtX* 



vjhere x stands for any finite number of variables, and the integral represents the 
corresponding multiple integral. 

Note, moreover, that the theorem remains true, if there be any finite, or 
countably infinite, set of functions, f, g, h, ... taken instead of only three as 
in the enunciation. The argument does not depend on the number of 
functions, when this is finite, and the case when it is infinite follows from the 
finite case, by a familiar process, whenever the limit on the right-hand side is 
finite, and when it is infinite the statement is equally true. 

§ 12. To prove this theorem it is sufficient to suppose the functions each to 
possess only a finite number of values, these values being assumed on a finite 
number of rectangles, or intervals in the generalised sense. The result stated 
must then follow by the employment of the method of monotone sequences. 
It is also evidently sufficient to suppose all the functions positive. 

Let Ei, E 2 , ... E M be the n intervals in which the functions /, g and h have 
respectively the values /i,/2, .../», gi, g2, ... g% and hi, h 2 ...h n > 

Then the square of the left-hand side of the inequality to be proved may 
be written : — 

(/iE + . . . +/A) 2 + ( gi Ei + . . . + gn&n) 2 + ( WEi + . . . + K^n)\ 

that is 2 (f r 2 + g r 2 + h r 2 ) E r 2 -f 2 22 (/,,/* + g r g s + h r h s ) E r E s . 

The square of the right-hand side of the inequality may be written 

[ x/CA 2 + 9i 2 + h 2 ) E x + . . . + Afn 2 + fh 2 + hr?) E J 2 , 
that is 

2 {fr" +g r 2 + K 2 ) E, 2 + 2 22 ^/{f 2 + g r 2 + h/) \/(fs 2 +$s 2 + h 2 ) E r E s . 
Thus the coefficients of Ei 2 , E 2 2 , ... E n 2 on the two sides of the inequality 
are the same, while the coefficients of E r E s on the left-hand side of the 
inequality is, by a known theorem in elementary algebra, less than, or equal 
to, the corresponding coefficient on the right-hand side. Hence the theorem 
enunciated is true. 
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